Abstract-One of the difficulties for frequency stepped chirp radar (FSCR) is to resolve the range-Doppler coupling due to relative motion between the radar and the target. Motion compensation is usually adopted to solve the problem in realizing synthetic high range resolution profile (HRRP) for a moving target. For missileborne FSCR, the range migration of target echo during a coherent processing interval, which is resulted from the high speed motion of missile, is serious and will affect target detection and synthetic high range resolution profile. Therefore, range migration correction and motion compensation are very important for missile-borne FSCR signal processing. In the paper, with the background of terminal guidance anti-ship FSCR seeker, the range alignment is accomplished in frequency domain during the process of real-time digital pulse compression. Then an effective velocity estimation algorithm based on the waveform entropy of the Doppler amplitude spectrum of target echoes is addressed and the velocity estimation accuracy is derived. Finally, the simulation indicates that the new method can estimate the radial velocity accurately and reconstruct the distorted HRRP successfully. In addition, the method has good anti-noise performance and works in the scenario of multi-target with different velocities as well.
INTRODUCTION
High range resolution (HRR) radars use wide-band waveforms to resolve individual scatterers within the target [1, 2] . Frequency stepped chirp radar (FSCR) is a kind of HRR radar and is widely used in recent years [3] [4] [5] [6] , for it can achieve high range resolution while still retaining the advantages of narrow instantaneous receiver bandwidth and low analog-to-digital (AD) sampling rate. FSCR transmits a chirp train with frequency stepped carriers, and achieves high range resolution by synthesis wide-band technique. For HRR radar, the multiple scattering centres of a target may appear in a number of isolated range cells, so the target is called a range-spread target [7, 8] . The high range resolution profile (HRRP) of the target is used for target recognition and high accuracy tracking [9] [10] [11] , which is very important for missile to improve the tracking ability and attacking accuracy. However, the disadvantage of FSCR is the complication caused by range-Doppler coupling, due to relative motion between the radar and the target, which results in circular shift and the spreading of HRRP [12] .
In recent years, some investigations have been proposed to mitigate the distortion of HRRP caused by motion [13] [14] [15] . In [13] , two successive stepped-frequency pulse trains were transmitted to eliminate the phase errors for the moving target. In [14] , a method using multiple stepped-frequency pulse trains and the robust phase unwrapping theorem to estimate the range and the velocity of a target was introduced. However, the methods in [13, 14] need to transmit additional assistant signal, which leads to the amount of available information reduced, and lowers the data rate of the radar. In [15] , an algorithm based on the maximum likelihood (ML) estimation is proposed, without altering the conventional stepped-frequency waveform. The algorithm estimates the target velocity accurately; however, the computation consumption is large, so it is difficult to implement in real time. Furthermore, all these methods mentioned above do not consider the range migration of target echo during a coherent processing interval (CPI) [16] . The terminal velocity of missile is so high that the range migration of target echo during a CPI is serious and will affect target detection and synthetic HRRP [17] . Hence, range alignment is necessary for missile-borne FSCR.
In this paper, an effective velocity estimation algorithm based on the waveform entropy (WE) of the Doppler amplitude spectrum of the target echoes is developed for FSCR which is assumed to work in anti-ship seeker. Firstly, the target echo model of missile-borne FSCR is established, and the problem of motion compensation is analyzed. Range alignment is accomplished in frequency domain during the process of digital pulse compression. Secondly, the velocity estimation algorithm based on the WE of the Doppler amplitude spectrum is addressed, and the velocity estimation accuracy is derived. Finally, the simulation indicates that the algorithm can accurately estimate the radial velocity between the radar and the target and reconstruct the distorted HRRP successfully.
The paper is organized as follows. In Section 2, the signal model of moving targets for FSCR is formulated. In Section 3, we address the velocity estimation method and derive the velocity estimation accuracy. The performance of the proposed method is assessed in Section 4. At last, in Section 5, some conclusions are given.
PROBLEM STATEMENT

Radar Echo Model
The transmitted signal of FSCR is expressed as:
where t is time variable,
the complex envelop of the i-th chirp sub-pulse, and µ = B c /T p the frequency slope of each chirp sub-pulse, A i : amplitude of i-th chirp sub-pulse, T r : pulse repetition interval (PRI), T p : pulse width of chirp sub-pulse, and T p < T r , B c : band width of each chirp sub-pulse, f 0 : nominal carrier frequency, ∆f : frequency step, ∆f < B c , M : number of chirp sub-pulse.
Assuming the radial velocity between the radar and the target remains constant during a CPI, the relative radial velocity is v, and the initial range between the radar and the target is R 0 . Demodulated with its corresponding carrier frequency, the target echo is expressed as:
where τ i = 2(R 0 − ivT r )/c, c is the speed of light, τ i the delay of the i-th chirp sub-pulse, and f di = 2v(f 0 + i∆f )/c the Doppler frequency of the i-th chirp sub-pulse echo. From Equation (2) , it can be seen that the relative radial velocity between the radar and the target produces range-Doppler coupling to chirp signal [18] , which results in mismatching between the target echo and the matched filter. After matched filtering, a group of compressed pulses can be obtained:
Due to mismatching, envelops of the pulse compression results in Equation (3) are not Sinc functions any more. According to [18] , the amplitude loss in Equation (3) is negligible, but the time shift resulting from the time-frequency coupling of chirp signal is significant and will affect the range measurement accuracy. Additionally, for missileborne radar, the radial velocity v between the radar and the target produces serious range migration during a CPI. From Equation (3), the migration time between the adjacent pulses can be written as: ∆t = 2v(T r − ∆f /u)/c (4) Range migration factor P is defined as:
The range migration factor P represents the number of the range resolution cell that the target echo spreads in the coarse resolution domain during a CPI.
Sampling at t = iT r − τ i , the phases of the M samples from the compressed pulses in Equation (3) are expressed as:
The expansion of the phase component φ i can be seen as two parts: the inherent phase terms and the additional phase terms resulting from radial motion.
If v = 0, the synthetic HRRP of the target can be obtained by taking the M -point inverse discrete Fourier transform (IDFT) of the collected M samples [19] , which is given by:
However, if v = 0, the additional motion phase terms in Equation (6) will result in target distortion in the synthetic HRRP [12] . Precisely, the linear component of the additional phase term 4πf 0 vT r i/c causes the circular range shifting, while the quadratic component 4π∆f vT r i 2 /c produces spreading for HRRP [20] . Both of them are significant distortions for HRRP. Particularly, for missileborne FSCR, the target spreading is considerably more significant than the target shifting because target spreading degrades the desired range resolution and decreases the signal-to-noise ratio (SNR), which will influence target recognition and high accuracy tracking. Nevertheless, once the radial velocity is able to be estimated, the additional motion phase term can be compensated and the HRRP can be reconstructed [20] . The velocity compensation accuracy for the quadratic phase is given by [20] :
2 ∆f T r (8) And the velocity compensation accuracy for the linear phase is given by:
Additionally, if v = 0, the range migration of echo data during a CPI in Equation (4) will affect the following signal processing of FSCR. Firstly, the range migration degrades the range measurement accuracy. Secondly, the range migration during a CPI disperses the energy of the target echo, which makes it more difficult to detect target. And finally, it affects the synthetic HRRP of the target [20] .
The parameters of a FSCR are listed in Table 1 , which are assumed according to the principle in [1] . Henceforth, without loss of generality, the simulation and illustration both adopt the parameters in Table 1 .
The range migration factors resulting from radial velocity between the radar and the target are listed in Table 2 . Figure 1 shows the Range (high range resolution cell) Figure 1 . HRRPs at different range migration factor P . HRRPs of a point-like target with different range migration factors, amusing that the additional motion phase terms in Equation (6) has been compensated thoroughly. As can be seen from Figure 1 , the range migration decreases the amplitude of the HRRP, the more the range migration, the more the amplitude loss will be. While the range migration factor P = 2, the amplitude of HRRP is about a half of that of the ideal HRRP. In other words, the amplitude loss is about −3 dB when the range migration factor P = 2. The incoherent integration results of radar echo with different range migration are shown in Figure 2 , from which we can see that the range migration spreads the energy of target echo, which is harmful to target detection. In addition, the position of the target moves, which degrades the range measurement accuracy of FSCR.
Assume that it is required that the range migration during a CPI is no more 1/4 coarse range resolution cell [20] . According to Equation (5), the radial velocity between the radar and the target should satisfy the following equation:
Range Alignment
For missile-borne radar, Equation (10) usually cannot be satisfied. Therefore, it is necessary to correct the range migration between the HRRPs before target detection and synthesizing HRRP. Assume that the velocity of missile v m can be obtained by the missile-borne inertial navigation system (INS) [21] . Setting the velocity measurement error by the INS is ∆v m . If we adopt v m as a coarse estimation of the radial velocity between the radar and the target, the estimation error can be written as:
where v t is the radial velocity of the target ship. For missile-borne FSCR, the coarse estimation of the radial velocity above is not accurate enough to be up to the accuracy of motion phase compensation [22] . However, for range migration correction, the coarse estimation of the radial velocity is adequate. Therefore, we adopt the coarse estimation of the radial velocity v m to align the range migration during a CPI.
Utilizing the time-frequency symmetry properties of Fourier transform, range alignment can be accomplished in frequency domain. Firstly, transform the pulse compression results in Equation (3) to frequency domain by the fast Fourier transform (FFT). Then multiply them by the corresponding frequency domain phase terms with respect to the radial velocity. Finally, transform the products to time domain again by the inverse fast Fourier transform (IFFT) and the range alignment result can be obtained:
where y (i, t) is the compressed pulses after range alignment,
Although the process of the range alignment above needs abundant computation, it does not take much additional time in the signal processing, because it could be accomplished concurrently with digital pulse compression. According to Equation (5) and the radar parameters in Table 1 , the range migration factor P is 3.36 before range alignment and 0.04 after range alignment with the coarse estimation of the radial velocity v m . The top view of target echoes are shown in Figure 4 , where Figure 4 (a) is the target echoes without range alignment and Figure 4 (b) the target echoes after range alignment. Figure 5 shows the benefits of range alignment to HRRP and incoherent integration, where Figure 5 (a) compares the HRRP before and after range alignment, as can be seen that the amplitude of HRRP increases about 7 dB after range alignment. Figure 5(b) illustrates the incoherent integration results before and after range alignment. We can see that the signal-toclutter ratio (SCR) has about 5 dB improvement after range alignment. Moreover, the range error caused by the range migration and timefrequency coupling of chirp signal has been corrected effectively.
VELOCITY ESTIMATION AND MOTION COMPENSATION
Radial Velocity Estimation
The velocity estimation method based on the Doppler shift has high accuracy [23] . However, missile-borne FSCR usually works with a low pulse repetition frequency (LPRF) waveform which is unambiguous in range but mostly ambiguous in Doppler. According to the radar theory [24] , the most unambiguous Doppler velocity of FSCR is:
where f prf is the pulse repetition frequency (PRF), f prf = 1/T r . The velocity resolution cell is:
Let's have a closer look at the phase component φ i in Equation (6) .
Setting f d0 = 2vf 0 /c, Equation (6) can be rewritten as:
phase terms of pulsed Doppler radar The phase component φ i can be seen as another two parts: the phase terms of a pulsed Doppler radar with carrier-frequency f 0 and the additional phase terms. For pulsed Doppler radars, coherent processing is implemented by the discrete Fourier transform (DFT) as a matched filter [24] . Processing the sampled echo data of the same carrier-frequency via DFT, the Doppler amplitude spectrum will yields at the Doppler frequency point. From Equation (11), we can see that the frequency step ∆f and the initial range R 0 introduce an additional phase (4π∆f R 0 /c)i, which will result in a circular shift of the Doppler frequency within the unambiguous DFT window after coherent processing, which is called the range-Doppler coupling effect [25] . The final term is a quadratic phase 4π∆f vT r i 2 /c, whose effects are shown in widening and distortion of the main lobe of the Doppler amplitude spectrum. In other words, this term results in energy dispersion of the Doppler amplitude spectrum along the Doppler axis.
Consequently, if the initial range R 0 is known, the range-Doppler coupling term (4π∆f R 0 /c)i can be removed by phase compensation. We call it resolving the range-Doppler coupling. In addition, the Doppler ambiguity can be resolved by using the effects of the quadratic phase term (4π∆f vT r /c)i 2 on the Doppler amplitude spectrum. The initial range of the target R 0 has been obtained by target detection in the coarse resolution domain. After resolving the range-Doppler coupling and motion pre-compensation with the coarse velocity estimation v m to Equation (6), the phase component of target echo can be rewritten as:
where ∆R is the range error and ∆v the velocity error. According to the radar parameters in Table 1 , the most unambiguous velocity v max = 21.4286 m/s. Setting the radial velocity between the radar and the target is 2000 m/s, the Doppler frequency f d0 = 4.6667 × 10 5 Hz. Figure 6 shows the effects of the residual quadratic phase term (4π∆f ∆vT r /c)i 2 on the Doppler amplitude spectrum. Entropy is a measure of the uncertainty of random variables [26] . In [27] [28] [29] [30] , the waveform entropy (WE) is introduced and adopted to survey the dispersion degree of a waveform's energy with respect to its parametric axis. Supposing the sampled signal waveform is denoted as A(n), n = 1, 2, . . . , N , setting:
Then the WE of A(n) is defined by:
According to the definition above, the waveform entropy has the following properties: If the energy of A(n) distributes uniformly along its parametric axis, the WE reaches the maximum. On the contrary, if the energy concentrates only on one sampling point, the WE is the minimum. Accordingly, the WE, served as a measure function, can be employed to weigh the effects of the quadratic phase term on the Doppler amplitude spectrum. The WE of the Doppler amplitude spectrum with different pre-compensation velocity error ∆v are shown in Figure 7 . As we can see, while the velocity error ∆v = 0, the WE of the Doppler amplitude spectrum is the minimum. As a result, a velocity estimation based on the WE of the Doppler amplitude spectrum can be realized in the following three steps:
Firstly, resolve the range-Doppler coupling of FSCR by the initial range of the target R 0 estimated by target detection.
Secondly, make a preliminary estimate of the radial velocity. The maximum of the coarse velocity measurement error ε is usually known. In the velocity interval [v m − ε max , v m + ε max ], where ε max is the maximum of ε, with a step of v max , the preliminary velocity estimatê v 1 can be achieved by searching for the position on the ∆v axis, where the minimum value of the WE is located.
And finally, make an accurate estimation of radial velocity. The radial velocity between the radar and the target can be expressed as:
where k is the Doppler ambiguity number and n 0 the index of the Doppler axis, which can be obtained by coherent processing [24] . It is easy to find k 0 which satisfies the following equation:
Using k 0 ·v max +n 0 ·v cell and (k 0 +1)·v max +n 0 ·v cell to compensate the motion quadratic phase, respectively, whichever makes the EW of the Doppler amplitude spectrum smaller is chosen as the final estimation of the radial velocity. In other words, the accurate estimation of the radial velocityv can be given as:
is the WE of the Doppler amplitude spectrum, which is a function of the velocity estimation error.
The Velocity Estimation Accuracy and Targets Imaging
After compensation to the quadratic phase by the preliminary velocity estimatev 1 , the effect of the motion quadratic phase on the Doppler amplitude spectrum can be negligible. As a result, the velocity estimation error mainly depends upon the range-Doppler coupling shift resulting from the range measure error ∆R. Equation (16) can be rewritten as:
After range migration correction by v m , the coarse velocity error ε can also produce slight range migration between adjacent pulses and time-frequency coupling to chirp pulses. According to Equation (5), the range migration induced by the coarse velocity measurement error ε is written as:
The range measurement error caused by ∆P can be written as:
The range measurement error caused by time-frequency coupling of the chirp sub-pulse is:
Therefore, the total range measurement error is:
By substituting ∆R into Equation (22), the velocity estimation error of the proposed method can be obtained:
Substituting the radar parameters of Table 1 into the above equation, the radial velocity estimation error can be obtained:
After compensation to the additional phase in Equation (6) by the velocity estimationv, the synthetic HRRP of the target can be obtained by the IDFT [22] . It should be pointed out that the initial range information of the targets has been obtained by target detection before velocity estimation, therefore, the velocity estimation and motion compensation can be carried out just to the target echo data instead of the data of whole frame [14] . Consequently, the proposed method can work in the scenario of multiple-target with different velocities. Figure 8 is the flow chart of the proposed motion compensation and target imaging method.
PERFORMANCE ASSESSMENT
In order to investigate the effectiveness of the proposed method, a simulation is carried out based on the radar parameters in Table 1 . The sea clutter is assumed to be much greater than the receiver thermal noise, thus thermal noise can be ignored [31, 32] . Meanwhile, the clutter is assumed to be Gaussian distributed with zero-mean, and independent from range cell to range cell. Setting the SCR of the target echo (after pulse compression) is 30 dB, as shown in Figure 9 . Figure 10 compares the velocity estimation result of the proposed method and the coarse velocity provided by missile-borne INS, where the coarse velocity error ε = 30 m/s. The estimation error is shown in Figure 11 , it can be seen that the estimation error of the proposed method is much smaller than the coarse estimation error ε. Equation (27) indicates that the estimation error of the proposed method e is proportional to the coarse velocity error ε, Figure 12 shows the velocity estimation errors with different coarse velocity errors.
From Figures 10-12 , we can see that the proposed algorithm can estimate the radial velocity between the radar and the target effectively, which is accurate enough to be up to the quadratic motion phase compensation for FSCR [22] . Resolving Doppler ambiguity is the key of the proposed algorithm. Assuming the radial velocity v = 550 m/s, according to the radar parameters in Table 1 , the most unambiguous velocity v max = 21.4286 m/s. Therefore, the radial velocity can be written as:
Therefore, the ambiguity number k = 25. The result of resolving Doppler ambiguity results under different SCR are shown in Figure 13 . It can be seen that the waveform entropy of the Doppler amplitude spectrum runs to the minimum while the ambiguity number is 25. Figure 14 gives the anti-noise performance of the proposed method. The horizontal is the SCR of the target echo, and the ordinate is the probability of correctly resolving ambiguity. From Figure 14 , the proposed method will achieve a reliable ambiguity resolving as long as the SCR is more than 10 dB. Hence, the anti-noise performance of the proposed algorithm is fine. Finally, the velocity compensation result of a moving target is simulated by computer. Suppose that the range migration of target It can be seen that compared to HRRP1, HRRP3 has resolution and amplitude loss, and HRRP2 has higher amplitude and range resolution than HRRP3 and almost no distortion. The difference between HRRP2 and HRRP1 is that HRRP2 has a shift of about two high resolution cells.
CONCLUSION
The disadvantage of FSCR is the complication caused by rangeDoppler coupling, due to relative motion between the radar and the target, which results in circular shift and the spreading of HRRP. Motion compensation is generally adopted to solve the problem in realizing synthetic HRRP for a moving target. An effective velocity estimation algorithm based on the waveform entropy (WE) of the Doppler amplitude spectrum of the target echoes is developed for FSCR which is assumed to work in anti-ship radar seeker. The target echo model of missile-borne FSCR is established, and the range alignment is accomplished in frequency domain firstly. Then, the velocity estimation algorithm based on the WE of the Doppler amplitude spectrum is addressed, and the velocity estimation accuracy is derived. The simulation indicates that the algorithm can accurately estimate the radial velocity between the radar and the target and reconstruct the distorted HRRP successfully.
In fact, Doppler frequency estimation for FSCR is the main idea behind the proposed algorithm, which is accomplished by resolving the range-Doppler coupling and the Doppler ambiguity.
It should be pointed out that the proposed method also works in the scenario of multi-target with different velocities and has good anti-noise performance. Moreover, the method needs not to transmit and receive assistant waveform, and the computational consumption is acceptable for missile-borne radar signal processing. However, the coarse velocity estimation (provided by the missile-borne INS) is needed in the proposed method, and the sea clutter is assumed to be Gaussian distributed, which is an insufficiency for the paper. Further study on more adaptive velocity estimation algorithm in non-Gaussian sea clutter [33, 34] for FSCR will be discussed in our next study.
